[to’s Lemma

Ito’s Lemma is an identity to find the differentiation of a time-dependent
function of a stochastic process. Given a stochastic differential equation:

dXt = ,utdt + Utdwt (]_)

where wy is a Wiener process. However for a complex stochastic process, f(t),
a function of X;, Ito’s Lemma is equivalent to the chain rule in differentiation.

df (t) = a(f(t),t)dt + b(f(t),t)dw, (2)
For f(t, X;) as a differentiable function, its Taylor expansion is
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df—E—Fgwdt +8_XdX+§aX2dX + - (3)

Substituting dX; = dt 4+ o,dw; and note that when dt approaches 0, the

terms dt? and dtdw; go to zero faster than dw?, and dw; = Vdt. The Tto’s
Lemma is
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df = | = — 4+ ——=|dt —d 4
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One may compare equation (4) with (2) and get the sense for a() and b().

For a geometric Brownian motion: dS; = uSydt+0Sydw,, and noting f(.S;)
ln(St),

1
din(Sy) = f'(S;)dS; + if"(St)(dSt)Q Taylor expansion of f

1 1

= Edst — 2—St2(dSt)2 carry out f" and f”
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=g (uSidt + o Spdwy) — 502dt substituting dS; and dw? = dt
t
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= (u— %) dt + odw,
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