
Ito’s Lemma

Ito’s Lemma is an identity to find the differentiation of a time-dependent
function of a stochastic process. Given a stochastic differential equation:

dXt = µtdt+ σtdwt (1)

where wt is a Wiener process. However for a complex stochastic process, f(t),
a function ofXt, Ito’s Lemma is equivalent to the chain rule in differentiation.

df(t) = a(f(t), t)dt+ b(f(t), t)dwt (2)

For f(t,Xt) as a differentiable function, its Taylor expansion is
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Substituting dXt = µtdt + σtdwt and note that when dt approaches 0, the
terms dt2 and dtdwt go to zero faster than dw2
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One may compare equation (4) with (2) and get the sense for a() and b().
For a geometric Brownian motion: dSt = µStdt+σStdwt, and noting f(St) =
ln(St),
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