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Complex analysis is distinguished by the unity it imposes on apparently disparate phenomena. The
same residue theorem that evaluates

/ e cos(x) dx

also governs the stability of control systems, the Coulomb field of a charged wire, and the distribution
of prime numbers. This universality arises because the Cauchy—Riemann equations capture the
essence of differentiability in the plane in the most constrained possible way — and that constraint, it
turns out, is exactly what nature repeatedly needs.

Harmonic Analysis and the Poisson Formula

The connection between holomorphic functions and harmonic functions yields the Poisson integral
formula: if u is harmonic on the closed disk D(0, R) and continuous on the boundary circle, then for
|z| =7 < R:
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is the Poisson kernel. This formula solves the Dirichlet problem: find a harmonic function inside a disk
given prescribed boundary values.

Mean Value Property. If f is holomorphic in a disk centered at z, then:
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for any r within the disk. The value at the center equals the average value on the boundary circle.
Maximum Modulus Principle. If f is holomorphic and non-constant on a domain U, then | f| attains no
maximum in U; its maximum occurs only on the boundary OU. This has important consequences in

control theory and numerical computations.

Evaluation of Real Integrals via Residues

One of the most celebrated applications of complex analysis is the computation of real definite
integrals that resist elementary techniques.

For a rational function R(z) = P(x)/Q(z) with deg Q > deg P + 2 and no real poles:

© All rights reserved, Orange County Science Institute, 2026
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This follows by integrating R(z) over the semicircular contour (real axis from —r to r, plus the upper
semicircle of radius r), and letting » — oo. The semicircle contribution vanishes by the ML-inequality.

Integrals with Trigonometric Functions. For w > O:
OO . .
/ R(z)e'™* dx = 2mi Z Res(R(z)e"?, z;)
e Im(z;)>0
by Jordan's lemma, which shows the semicircle contribution vanishes when w > 0.

Integrals with Branch Cuts. For integrals of the form

/000 z*R(z) dz

(with —1 < a < 0), one uses a keyhole contour — a contour that runs just above the positive real
axis, around the origin, and just below, encircling the branch cut of z.

For example, for 0 < a < 1:
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Summation of Series. The residue theorem also evaluates infinite series. Since 7 cot(7wz) has simple
poles at all integers n € Z with residue 1, for a meromorphic function f with no integer poles:

Z f(n)=— Z Res(m cot(mz) f(2), zx)

n=-—00 poles z of f

This yields identities such as:

Zﬁ:%

Fluid Dynamics: Potential Flow

In ideal (inviscid, irrotational) two-dimensional flow, the velocity field v = (v,, v, ) is described by a
velocity potential ¢(z,y) and a stream function v (z, y), where:
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These are exactly the C—R equations — the complex potential w = ¢ + 1) is holomorphic. The
complex velocity is

du
dz

Vg — 10y

Key flows are represented by elementary complex functions:
- Uniform flow: w = Uz

. . m
- Line source/sink: w = — log 2z
) 2w
- Line vortex: w = il log z
2

2
- Flow past a cylinder: w = U (z 4 a_)
z

The Joukowski transform w = z + 1/z maps circles to airfoil-like shapes and is the classical tool for
computing lift on wing profiles (Kutta—Joukowski theorem):

L=pU0T
where p is fluid density, U is flow speed, and I' = j{v - ds is the circulation.

Electrostatics and Magnetostatics

In two-dimensional electrostatics, the electric potential ¢ satisfies Laplace's equation A¢ = 0. The
complex potential w = ¢ + i1y (where ¢ is the flux function) is holomorphic, and the electric field is:

dw

E,—iE, =——
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Conformal mappings transfer the geometry: a solution in a simple domain (e.g., half-plane) can be

mapped conformally to a complicated electrode geometry, transforming the boundary value problem.

This technique is used to compute capacitances of transmission lines and the fields in electromagnetic

devices.

Signal Processing: The Laplace and z-Transforms

The Laplace transform:
L) = [ foeta sec
0

is an analytic function in its half-plane of convergence. System transfer functions H (s) are
meromorphic in s; their poles determine stability (poles in the left half-plane = stable), and their
residues determine the time-domain response via the inverse Laplace transform:
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This Bromwich integral is evaluated by the residue theorem. The Nyquist stability criterion in control
theory is a direct application of the argument principle from complex analysis. The z-transform, the
discrete analogue, is similarly meromorphic with poles governing the stability of digital filters.

Quantum Mechanics

In quantum mechanics, Green's functions (propagators) are defined by:
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where H is the Hamiltonian operator. The spectral representation and density of states are obtained
via contour integration:
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Dispersion relations (Kramers—Kronig relations) in quantum mechanics and optics are derived from
the analyticity and boundedness of response functions (e.g., the susceptibility x (w)):

Re x(w) = %P.V./
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where P. V. denotes the Cauchy principal value integral. These follow from analyticity in the upper
half-plane (causality) and the residue theorem.

Number Theory: The Prime Number Theorem

The Prime Number Theorem — asserting that the number of primes < z satisfies 7(z) ~ z/Inx —
was proved independently by Hadamard and de la Vallée-Poussin in 1896 using complex analysis.
The key step is showing that {(s) # 0 on the line Re(s) = 1, which combined with contour integration
of —¢’(s)/¢(s) (whose residues count prime powers) yields the asymptotic.

Numerical Methods: Contour Integration and Saddle-Point Approximation

Computational evaluation of oscillatory integrals uses the method of steepest descent (or saddle-point
method): deform the contour to pass through a saddle point z; of the exponent (where the derivative
vanishes), then expand the integrand as a Gaussian. For large parameter \:
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This is the basis of Stirling's approximation n! ~ v/ 2wn (n/e)™ and the WKB approximation in
quantum mechanics.
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